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Abstract. Very ampleness criteria for rank 2 vector bundles over smooth, 
ruled surfaces over rational and elliptic curves are given. The criteria are 
then used to settle open existence questions for some special threefolds of low 
degree. 



1. Introduction. 

A vector bundle £ over a smooth algebraic variety Y is said to be very ample 
if the tautological line bundle £Wf)(l) is very ample on the projectivized bundle 
P(£). Very ampleness of £ is therefore equivalent to the existence of a projective 
smooth manifold X = P(£) embedded as a linear scroll on Y. 

Although it is in general impossible to give a numerical characterization of very 
ampleness, one can try to find sufficient numerical conditions to guarantee it when 
the Picard group of Y is particularly simple. 

In this paper some classical ideas are revisited in order to give some very am- 
pleness criteria for rank 2 vector bundles £ over smooth, ruled surfaces on rational 
and elliptic curves. 

In Section 3, classical ideas on obtaining very ampleness criteria by lifting of 
sections from appropriately chosen divisors are revisited in our context. They are 
applied to obtain the very ampleness of a family of rank 2 vector bundles over 
P 2 , see Corollary 13.21 , and, in particular, an existence result for 3-dimensional 
scrolls over P 2 , of degree 11 and genus 6, left as an open question in [B-B-lj . see 
Remark [4] Section 4 presents a purely numerical very ampleness criterion for rank 
2 vector bundles over rational ruled surfaces, see Theorem l4.2| with an example of 
its application. Section 5 deals with the case of ruled surfaces over elliptic curves. 
Section 6 contains a very ampleness criterion criterion for a very special class of 
vector bundles £ on Fi, the Hizebruch surface with invariant e — 1. The criterion 
is partially based upon a new observation that relates the very ampleness of £ with 
whether points in the zero locus of a generic section of £ are in general position 
on Y. Results from section 6 are applied to establish further existence and non 
existence results for threefolds scrolls over Fi, of low degree, previously left as open 
problems in [F-L-2j and [B-B-lj . 
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2. Notation and background material 

The ground field is fixed to be C, and P™ denotes the n -dimensional complex 
projective space. The focus of this work is on rank-two vector bundles over smooth 
surfaces. In this context we fix the following notation: 

• £ : a rank-r vector bundle over a smooth variety Y, dimF > 2; 

• Ci(£) : the i-th Chern class of £ ; 

• X = P(£) : the projectivization of £; 

• 7r : P(£) — > Y the natural projection onto the base; 

• T : the tautological line bundle of A, i.e. O x {T) = O p{£) (1); 

• |T| : linear system of effective divisors linearly equivalent to T; 

• T : projectivization of the restriction £| 7 , where 7 is a smooth curve on Y; 

• F e : rational ruled surface of invariant e > 0, i.e. P(Opi © Opi(— e)); 

• p : F e — > P 1 : the natural projection onto the base; 

• Co, / : standard generators of Num(F e ) ~ Pic(F e ); 

• F : projectivization of the restriction £\f where / is a fibre of Y when 
Y = F e ; 

• (cr)o : zero locus of the section a of a vector bundle; 

• = : numerical equivalence of divisors; 

• Ks : canonical divisor of the smooth surface S; 

• A^ : the Hilbert scheme of zero-subschemes of X of length t. 

• Tp(M) : the holomorphic tangent space to an analytic manifold M at a 
point P. 

Cartier divisors on smooth projective varieties, their associated line bundles and 
invertible sheaves of their holomorphic sections are used with no distinction. Mostly 
additive notation is used for their group. Given a divisor (line bundle) Dona 
smooth projective variety, \D\ denotes the complete linear system of effective divi- 
sors linearly equivalent (associated) to D. Given any subvariety S in X and a line 
bundle L E Pic(X), we denote by L\ s the restriction of L to S, i.e. L\ s = L ® Os- 

Let X and T be as above. For any smooth surface £ contained in X let |Tj s | 
be the complete linear system associated to Tj s , i.e. given by H°(T £g) Os). Let 
|T|i E be the restriction of the linear system |T| to E, i.e. given by the image of the 
restriction map r : H°(X,T) -> £f°(£,T| s ). Then |T| E | D |T|| E and equality holds 
Hh 1 (X,T-i:) = 0. 

If S is reducible as the union of two smooth surfaces Si U S2, intersecting trans- 
versely only along a smooth (possibly reducible) curve C, it is: {(<7i, cr 2 )| en G |Tj s .| 
* = 1,2, <7i |c = a 2|c } - |T| S | C |T| Sl |e|T| 52 | = {(a^ a 2 )\a t G |T| S J i = 1,2}, while 
= {{< 7 ii (J 2)Wi G \T\Si\ i = 1,2 and there exists r G |T| such that r| S . = crj 

2=1,2}. 

Let ^ G X®. A subvariety 5 is said to pass through £ if and only if S con- 
tains ^ scheme theoretically. If t — length(^) = 2 and Supp(^) consists of two 
distinct points, scheme theoretic inclusion is equivalent to ordinary inclusion. If 
t = length(£) = 2, Supp(£) consists of one point P, and X and S are smooth at 
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P, let q G Tp(X) denote the tangent direction at P specified by £. Then scheme 
theoretic inclusion is equivalent to P G S and q G Tp(S'). 

Let I be a line bundle on a variety X and let £ G XW. Let C H°(L) be a 
subspace of sections and let \V\ be the associated linear system. The expression \ V\ 
separates £ is used to mean that the restriction map V — > H°(£) is surjective. In 
this language a line bundle L is very ample if and only if the associated complete 
linear system separates every ( 6 l' 2 ' . 

If £ G X® is a reduced, O-dimensional, scheme, we often identify the scheme 
itself with its support. For example we refer to "points of £" to mean points of 
Supp(£). 

Lemma 2.1. Let Y be a ruled surface of invariant e, over a smooth curve C of 
genus g. Let x be an integer and assume the line bundle Co + xf is very ample. If 
I C Y is a line on Y in the embedding given by \Cq + xf\, then either £ = f or 
.9 = 0, x = e + 1, and £ = Co- 

Proof. As Co + xf is very ample, it is in particular ample and therefore, (see [R] 
Corollary V.2.18, Proposition V.2.20, Proposition V.2.21]) it must be 



(1) x> 



e if e > 
I if e < 0. 



For an irreducible divisor I G |aCo + bf\ to be a line in the embedding given by 
Co + xf it must be (Co + xf)(aCo + bf) = 1 i.e. 

(2) 1 = ax — ae + b. 

By considering that the arithmetic genus of £ must be zero, one can easily check 
that the necessary conditions for £ to be an irreducible divisor, contained in [H] 
Corollary 2.18, Proposition 2.20, Proposition 2.21], are incompatible with (jT]) , (O , 
and the very ampleness of Co + xf unless I is as in the statement. □ 

3. Classical ideas 

The following notation will be fixed throughout the paper. Let Y be a smooth 
algebraic surface. Let E be a rank 2 vector bundle over Y, and let X = ¥(£). Let 
7r : X — + Y be the natural projection and let T be the tautological line bundle. Let 
A e Pic(Y) and let D = T + n*A G Pic(X). The first Proposition in this section 
is a simple adaptation to our context of a classical lifting of sections approach to 
prove very ampleness. 

Proposition 3.1. With the notation fixed in this section, let D e = eT + n*(A), 
where e = 0, 1 and assume: 

a) for all £ el' 2 ' there exists a smooth, irreducible element S G \D e \, passing 
through £ ; 

b) h 1 (X,(l-e)T-w*{A)) = 0; 

c) T\g is very ample on S. 
Then T is very ample on X . 

Proof. Given any ( £ l' 2 ', assumption a) gives an element S G \D e \ passing through 
it. By assumption c) we can separate £ on S by elements of |T| S |. Consider the 
sequence: -> H°{X,T - D e ) -> H°(X,T) -> H°(S,T ]S ) -> iJ^T - L> £ ) = 
H 1 {X, (1 — e)T — 7r*A) = 0. Assumption b) allows us to lift the separating sections 
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on S to sections of T separating £ on X. Notice that when e = 1 assumption b) can 
be restated as h l (Y, - A) = 0. □ 

As an immediate application of Proposition 13 - 1 1 when e = 0, one obtains the 
very amplcness of a family of rank-2 vector bundles over P 2 . 

Corollary 3.2. There exists very ample vector bundles £ of rank 2 over Y = P 2 
given by non trivial extensions 

-» e> P 2(l) -> £ -> C P 2(4) ®i n -> o, 

where rj G p 2 ' 10 ' consists of 10 distinct points in general position. 

Proof. Let r/ G p 2 ' 10 ! consist of 10 distinct points in general position. Notice that 
Ext 1 (Op2(3) ®T V , Ops) ^ and there exists a locally free extension 

(3) -> C P 2 -> £' -> O p2 (3) (8» 2, 0, 

because liy ® P 2(3) = P 2, so that, for any point w G n, the natural map 
= H°{Y,1 V ) = H°(Y, Ky (g> O p2 (3) ® Z„) ^ H°{Y,K Y ® £^(3) 1^) = 
H®(Y,I V \ W ) = is an isomorphism as required, see [D-Lj . Theorem 3.13 and its 
proof. Twisting by C P 2(1) and setting £ = £'{!) gives 

(4) -> C P 2 (1) f -> O p2 (4) (g) 2,, -> 0. 

Notice that ci(£) = P 2(5), and c 2 (f) = 14. Let D = 7r*(0 P 2(l)), i.e. e = and 
A = C P 2(1) in the notation of Proposition 13.11 Let £\ e be the restriction of £ to 
any line I. From (01 one gets: 

(5) 0^O e (l + e)^£ u ^O e (A-e)^0, 

where e = 0, 1, 2, respectively, if I passes through 0, 1, 2 points of r\. Sequence (O 
shows that £i e is very ample, so that assumptions a) and c) of Proposition 13.11 are 
satisfied. To verify assumption b) of Proposition 13.11 notice that h}(X,T — D) = 
/i 1 (P 2 , £(— 1)) = ft- 1 (P 2 ,£'), which, looking at sequence ([3|), vanishes if and only if 
/i 1 (P 2 , C P 2 (3) <E) I v ) vanishes. As n consists of 10 points in general position it is 
H a (Op2(3) = and thus the sequence 

-> C P 2 (3) C P 2 (3) -> C P 2 (3) ® -> 

gives the required vanishing. □ 

Remark 3.1. Corollary VS. "A implies the existence of a family of 3- dimensional 
scrolls (X, L) = {¥(£), O n£) {l)) embedded by |C P(£) (1)| in P 7 with deg(A) = 
[ci(£)] 2 — C2{£) — 11, and sectional genus g(X) = 6 (see also Section 7). The 
existence of such threefolds was left as an open question in [B-B-lj . Proposition 
4-2.3. The Hilbert scheme of a threefold X C P 7 as in Corollary \3.2\ has an ir- 
reducible component of dimension 83, of which X is a smooth point. See [B-F] . 
Proposition 3.1, Corollary 3.3 and Remark 3.4, for details. 

Without any assumption on the positivity of D it would be very difficult to 
establish whether assumption a) in Proposition 13 . 1 1 is satisfied or not. If D were 
very ample it is well known, [B-Sj . that if there is a zero scheme £ for which a) 
fails, then the ambient variety is a surface containing a D-line £ through £, such 
that all divisors in \D\ passing through £ are reducible as £ + D'. In our particular 
situation, keeping in mind that we are striving for sufficient numerical criteria, we 
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can relax conditions on D as in the following Proposition. Before proving it we 
need a Lemma. 

Lemma 3.3. With the notation fixed in this Section, let F be the class of a generic 
fibre of it in the Chow ring of X. Let E be a singular element in \T\. Then £ is 
reducible, more precisely E = tt^ 1 {Z) U E' where Z is an effective divisor on Y and 
£' • F = 1, and if Z is maximal with respect to the previous decomposition then E' 
is smooth and irreducible. 

Proof. Let R be a singular point of E and let Fr be the fibre of it passing through 
R. Then Fr ~ P 1 should intersect E in R with multiplicity at least 2. As E • Fr = 1 
in the Chow ring of X, this is possible only if Fr is contained in E. If Fr is an 
isolated fibre contained in E then E would be, locally, the blow up of Y at tt(R), 
hence it would be smooth at R. It follows that there are infinitely many fibres of ir 
contained in E. So that we can write E = ir~ 1 (Z)L)T,' where Z is a suitable effective 
divisor on Y. Obviously 1 = E • F = £' • F. If £' is smooth and irreducible we are 
done, otherwise we can argue as before for E' until we get a decomposition with a 
smooth E' G \T — n*Z\. Such a £' is also irreducible thank to the maximality of 
Z. □ 

Proposition 3.4. With the notation fixed in this Section, assume: 

a) h°{X,D) > 3; 

b) for all B £ Pic(y) such that T + n*B is effective and A — B is effective, 
then max{/i°(A,T + ir*B), h°(Y, A - B)} < h°(X,D) -2. 

Then assumption a) of Proposition \3.1\ is satisfied with e = 1. 

Proof. As h°(X,D) > 3, for all £ e X^ the linear system |V| = \D <g> 1(\ is not 
empty. Let S be an element of \V\. If S is smooth we have nothing to prove, 
otherwise, by applying Lemma \'S. 31 to 8 ® Oy(A), we can write S — tv~ 1 (A') U S' 
where S' G \T + ir*B\ is effective, irreducible and smooth for some B £ Pic(y) and 
where A' G \A — B\ is effective on Y. 

Notice that dim(|V^|) > dim(|£)|) — 2. It is enough to show that not every element 
of |V| is singular. By contradiction, let us assume that all elements S of \V\ are 
singular. By Bertini's Theorem |V| has a base locus E and for any generic S 6 \V\ 
we have that Sing(S) CE. On the other hand we know that S = 7r _1 (A') U S' as 
above and S is singular along tt~ 1 (A') D S' which can not be the union of a finite 
number of fibres and can not contain isolated fibres (see the proof of Lemma 13 - 3[) . 
so that there is a maximal curve Cs Q Sing(S) CE such that n[Sing(S)] = tt(Cs), 
dimTr(Cs) = 1, 7r(C s ) C A' and tt" 1 ^^)] = tt" 1 ^'); hence dim(E) > 1 and 
dim[7r(E)] > 1. Let us consider 7r(E). 

If dim[7r(E)] = 2 then dim(E) = 2 and \V\ = (T + ir*B) + \ir*A - w*B\, where 
B is a suitable divisor of Y such that T + ir*B is effective on X, where A — B 
is effective on Y and where (T + tt*B) is in the fixed part of |V|. But this is not 
possible, by assumption b), as dim(|7rM - tt*B\) = dim(|F|) > dim(|D|) - 2. 

If dim[7r(E)] = 1 let us consider the above curves Cs CE for any generic S £ \V\. 
If C s = Cg for some fixed S = tt" 1 ^') US'e \V\ then ^(a!) = 7r -1 [7r((7g)] CE. 
If not, the curves Cs CE fill some surface w~ 1 (Z) for some effective divisor Z of 
Y, otherwise dim[7r(E)] = 2. Hence, in any case, E contains some surface tt~ 1 (Z). 
By choosing Z maximal we have that \V\ = \T + n*B\ + (ir*A - ir*B) where B 
is a suitable divisor of Y such that T + w*B is effective on X, where Z = A — B 



6 



ALBERTO ALZATI AND GIAN MARIO BESANA 



is effective on Y and where (it* A — ir*B) is the fixed part of |V|. But this is not 
possible, by assumption b), as dim(|T + n*B\) = dim(|V|) > dim(|D|) — 2. □ 

Proposition [37lJ in case e = 1, still requires the very ampleness of a line bundle, 
Ti g , on a surface section S of X. Even in the most simple situation, when S is 
isomorphic to the blowing up of Y at 02(8 <8> Oy(A)) distinct points, the very 
ampleness of Tig depends on the position of these points on Y , and in general we 
know nothing about it. The following Proposition circumvents this difficulty by 
directly showing separation of lcngth-2 zero-schemes on X. The basic technique is 
the construction of separating elements as reducible divisors. They are constructed 
as sums of a horizontal component and a vertical one. 

Proposition 3.5. With the notation fixed in this Section, let B G Pic(Y) be effec- 
tive. Assume: 

a) for all pairs of distinct points {P, Q} C X 

i) there exist £ 6 \T + tt*A + n*B\, which is reducible as the union of a 
smooth surface S2 G \T + tt*A\ passing through P and not through Q, 
and a smooth surface Si G |7r*_B| passing through Q; 

ii) there exist o~i G H°(T\ Sl ), such that 07 (Q) ^ and 07 (P) = in case 

P g s 1 nS 2 ; 

iii) there exist 07 £ H°(T^g 2 ), such that o~2(P) = 0; 

iv) there exist a G H (T|s), such that a\ s — o~\ and a\ s ^ = o~2', 
jS) for any point PgI and for any direction q G Tp(X) 

i) there exists E G \T + tt* A + tt*B\, which is reducible as the union of a 
smooth surface S2 G |T + 7r*A| and a smooth surface Si G |tt*B|, both 
passing through P; 

ii) there exists o~\ G H (Tj^) such that o~\{P) — and (cr 1 )o is smooth 
at P with tangent vector t£ Tp(S±); 

iii) there exists 02 G H a (T\g 2 ) such that G o~2(P) — and (172)0 is smooth 
at P with tangent vector wG Tp(S l 2) in such a way that q^< t,v>; 

iv) there exists a G H such that ais ± — o~\ and cr\s 2 = cr 2 ■ 
7) h\Y,-A-B) = 0. 

T/ien T is very ample on X . 

Proof. For any reduced length-2 zero scheme {P, Q} G X^ 2 \ assumption a) gives a 
section a G H°(T^) such that o^P) = 0, a(Q) ^ 0, and, reversing the roles of P 
and Q, a section cr' G H°(T\ S ,) such that cr'(Q) = 0, a'(P) ^ 0. As in the proof 
of Proposition 13 - H assumption 7) allows such a and a' to be lifted to elements of 
H°{T) separating {P,Q}. 

For any point P G X and for any direction gG Tp(X), assumption /?) gives 
a G H (T| S ) such that <j{P) = 0, and such that Tp((cr)o) does not contain q. Once 
again, assumption 7) allows a to be lifted to t\ G H°(T) with Ti| S = cr such that 
Ti(P) = 0. Notice that (ti)o is smooth at P; in fact (ri)o can be singular at P 
only if it contains the fibre of 7r through P, but in this case it could not cut (07)0 
on Si, as in our assumptions, because (07)0 is smooth at P. Hence Tp((n)o) = 
< t,t) > and it does not contain q. Assumption a) guarantees the existence of a 
section T2 G H°(T) such that ra(P) ^ 0. Thus {ti,T2} separate the zero scheme 
{P,q}- □ 
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We conclude this Section with a simple very ampleness criterion for line bundles 
on surfaces. The idea of this proof will be used in §4 to give a criterion for our 
vector bundles. 

Proposition 3.6. Let S be a smooth projective surface. Let D, A £ Pic(S) and let 
z > 1 be a positive integer such that zA is very ample. Assume: 

1) for any £ £ there exists a smooth, irreducible curve 7 £ \zA\ passing 
through £; 

2) DA > (z — I) A 2 + 2 Pa {A) + 1 ; 

3) h>(S,D- zA) = 0. 
Then D is very ample. 

Proof. Let £ £ and let 7 be as in assumption 1). Assumption 2) implies 
that D| 7 is very ample. In fact 2*7(7) — 2 = (zA + K$)zA, hence 2*7(7) + 1 = 
(zA + K s )zA + 3 and deg(D| 7 ) = zDA > 2.9(7) + 1 = { zA + K s )zA + 3 because 
DA > (z- I) A 2 + 2p a (A) + 1 = (zA + L< s )A + 3. As D| 7 is very ample we have two 
sections {ai,a[}, in iJ"°(7,D| 7 ), that separate £ on 7. Assumption 3) guarantees 
that we can separate £ on S by lifting o\ and a\ to sections in H°(S, D). □ 

Remark 3.2. The existence of certain surfaces ScP of degree 14 which are ruled 
over a genus 2 curve, with invariant e — —2, is a long standing open problem, see 
for example jH-R] . The candidate very ample line bundle giving the embedding of 
S is predicted to be of numerical class 7Cq — 6/. As an application of Proposition 
Iff. 61 one can prove that D = 7Cq + 2/ is very ample on S, by setting A = Co + 5/, 
and z = 1. One could then try to solve the original problem by embedding S with D 
and finding a suitable projection. 

4. A NUMERICAL VERY AMPLENESS CRITERION 

As indicated in the introduction, when the base surface Y has a simple Picard 
group, one can hope to obtain sufficient conditions to characterize very ampleness 
of vector bundles over Y. 

The heart of this section is Theorem 14. 21 It is obtained using the same approach 
described in Section 3 with an interesting twist. The divisor D, chosen through the 
length 2 zero-scheme that needs separation, is obtained as a sum of a number of 
components, all chosen as pull backs of suitable sections of the base surface. Simi- 
larly, the global sections of the tautological line bundle T, performing the required 
separation are lifted from sections glued together from well behaved sections on 
each of the components of D. 

Firstly we have the following 

Lemma 4.1. Let Y = F e and let A = Cq + bf be a very ample divisor on Y. Let 
Pi, P r be r distinct points on Y such that no two of them lie on the same fibre. 
Let F :— {/j} where fa — p*(p(Pi). If h (Y,A) > 2r then there exists at least an 
element 7 £ \A\ passing smoothly through Pi,...,P r and intersecting transversely 
any fixed finite set of fibres $ := {<Pj} w ith $ n F = 0. 

Proof. First of all, let us consider the case in which the set <& is empty. For any point 
Pi let us choose a vector qi £ Tp i (Y) pointing towards a direction different from 
that of fi. By assumption, there exists at least an element 7 £ \A\ passing through 
Pi,...,P r and having tangent direction qi at Pj i — l,...,r (2r linear conditions). 
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If 7 is singular at, say, Pi, ...,Ph then 7 must be reducible into an element 7' £ 
\A — 61/1 — 62/2 — ••■ — and the union of fibres /1, /2, //i with multiplicities 
61, 62, 6/j (see also the proof of Proposition ^. 4p . Now 7' is smooth at any Pj and, 
by our assumptions, 7' has tangent vector qi at any P;. One can choose a set of 
h generic fibres { /(, ft, /£} n P = so that 7' + hf[ + b 2 f! 2 + ... + b h f h e |A| 
satisfies our request; recall that 61 /{ + b 2 f 2 + •■• + bhf' h is linearly equivalent to 
hh + b 2 f 2 + ... + b h f h . 

Now let us assume that $ is not empty and let us proceed as in the previous 
case. If 7' cuts every fibre of <I> tranversally we are done. Otherwise 7' must be 
reducible into an element 7" e \A — b\Lp l — 62^2 — ••• — ^fcVftl an( i the union of fibres 
ipi, ip 2 , <ph with multiplicities 61, 62, One can then argue as in the previous 

case. □ 

Definition 4.1. Let W be a 0- dimensional reduced scheme on a ruled surface Y. 
For any fixed fibre f of Y we can compute length(Oy(f) ® Oh/). Let lmy{W) be 
the maximun of these lengths as f varies among the fibre of Y. 

We can now prove prove the main Theorem of this section. 

Theorem 4.2. Let Y = F e and let L = a/Co + hf and M = a m Co + b m f be line 
bundles over Y. Let £ be a rank 2 vector bundle over Y such that there exists a non 
trivial exact sequence §~^L^£^>M® X\y — > where Iw is the ideal sheaf of a 
0- dimensional reduced subscheme W C Y of length w. Let X — ¥(£) and let T be 
the tautological line bundle on X. 

Assume that there exist integers x > e + 2 and z > I such that: 

1) L(C + xf) > 0, M(C +xf)>2 

2) Lf > 0, Mf > lm Y {W) 

3) h l (Y, L-zCo- zxf) = 0, h}(Y, M - zC a - zxf) = 

4) h l (Y, L-zCo- zxf - /) = 0, h\Y, M - zC - zxf - /) = 

5) the support of W is in general position with respect to the linear systems 
\M — z(Cq + xf)\ and \M — z(Cq + xf) — f\ (i.e. the following natural maps 
H°(Y, M - z(C + xf)) -> H°(Y, (M - z(C Q + xf)) ® O w ) and H°(Y, M - z(C + 
xf) - f) -> H°(Y, (M - z(C Q + xf) - /) O Ow) are surjective) 

6) (L + M)(C + xf) > 2(z - l){2x - e). 
Then T is very ample. 

Proof. Let us consider the linear system \Cq + xf \ on F and notice that it is very 
ample by the assumption x > e + 2 and [H], pag.I69. Moreover there are no 
Co + xf I — lines by Lemma 12.11 (other than fibres) . Let 7 G |Co + x/| be a smooth 
rational curve passing through at most 2 points of W. Let us consider the restriction 
£| 7 . By assumption 1) £ | 7 is ample, hence very ample because 7 is a smooth rational 
curve. 

A similar argument shows that, for any fibre / of the ruling of Y, the restriction 
£\f is also very ample, by assumption 2). 

Let us consider the following exact sequences: 
0^L-Z7^£® Q Y {-zi) -> (M - z~i)®T w -> 0, 
— > (M — 27) ® X w -> M - zj -> (M - zi) ®O w -> 0. 

By using assumptions 3) and 5) it is easy to see that h l {Y, £ ® Oy{— zj)) = 0. 

Let us consider the following exact sequences: 
0^>L.-z7-/->£® O y (-zj - /) -> (M - z 7 - /) ® l w -> 0, -» (M - 27 - 
f) ®l w -> M - Z1 - f ^ {M - Z1 - f) ® Ow -> 0. 
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By using assumptions 4) and 5) it is easy to see that h}{Y, £(&Oy(— zj— /)) = 0. 
Given a divisor D = Z7r*7 on X and the exact sequence 
O^T — D ^ T T ® Od 0, the above vanishings give that the natural map 

(6) | T |-|T| D |-0 

is surjective. A similar argument shows that if D = ztt*^ + w* f, the map in ([6]) is 
surjective too. 

To show that T is very ample we have to prove that \T\ separates all zero schemes 
£ C X^. The proof is divided into two cases, according to the nature of £. When £ 
is not reduced, and Supp(£) = {P}, we denote by q G Tp(X) the tangent direction 
specified by £. 

Case 1: P G Supp(£) and £ ^ F (scheme theoretically), where F = P(£|/) and 

f = p-\ P {TT{P)). 

If Supp(£) = {P, Q}, as |Co+x/| is very ample, |B-Sj Theorem 1.7.9, and Lemma 
I2.1l implv that there exists a smooth rational curve r y 1 G \Cq + xf \ containing 7r(P) 
and tt{Q). If £ is not reduced, again very ampleness of \Cq + xf\, B-S Theorem 
1.7.9, and Lemma [2Tl imply that there exists a smooth rational curve r y 1 G \Co + xf\ 
passing through tt(P), with q G Tp(Fi), where Ti = P(£i 7 ). By choosing suitably 
7j we can assume that 7 1 contains at most two of the points of W (tt(P) and tt(Q) 
if it is the case): recall that there are no curves, other than fibres, embedded as 
lines by |Co + xf\ thanks to Lemma [2.11 Choose another smooth rational curve 
7 2 G | Co + xf\ such that 7 2 intersects j 1 transversely at (Co + xf) 2 = 2x — e points 
all different from 7r(Supp(£)) and not belonging to W. Now choose another smooth 
rational curve 7 3 G |Co + xf\ such that 7 3 and r 3 have the same above properties 
with respect to r y 1 , 7 2 ri, T2, W and moreover f] i=1 7, = 0. Iterate the process, until 
i = z. Note that the suitable choice of the r y i is possible simply because |Co + xf\ 
is very ample on Y. 

Let Ti also denote the numerical classes of Ti in Num(X). If z — 1 we can separate 
£ on Fi because Tw 1 is very ample, then we are done by lifting the separating 
sections with the map in (6). If z > 2 we need to apply Lemma 14.11 to T\-p. 
when i > 2. Let us remark that h°(T u T\ r .) = h°(T 2 ,T\ T2 ) = {L + M)7 2 + 2 = 
(L+ M)(Co+x f)+2 for i = 2, z, so that assumption 6) implies that h°(Ti, Tj r .) > 
2(z — l)(2x — e) for any i = 2, z. Noticing that TinLj is the disjoint union of 2x — e 
fibres of it, we can proceed as follows: Tj ri is very ample, so we can take G |2]ri I 
and G |T|ri| separating £ on Ti. We can also choose s{ and such that they 
intersect transversely all the fibres LiflLj j — 2, z. As h (T%, Tjr 2 ) > 2(2x— e), by 
Lemma |4~T1 we can choose s 2 G |Tjr 2 | and s\ G |T|r 2 1 such that s^nr 2 = s$tlTx, for 
= 1, 2, and such that they intersect transversely all the fibres F 2 n Tj j — 3, z. 
As /i°(F 3 ,T| r3 ) > 4(2a;-e), by Lemma gTU we can choose s\ G \T\ r J and s§ G \T\ r J 
such that s| n L 2 = s 2 n F 3 , and s| n Ti = s^" n F 3 for k = 1, 2, and such that they 
intersect transversely all the fibres F 3 n Lj j = 4, z. And so on. At the end we 
get, for each k = 1,2, a set of z elements G |Tjr<| i = 1, ..,z such that for any 
i, j G {1, z}, i ^ j, n Tj = n Fi is a reduced zero-subscheme, and {s\, sf} 
separate £ on Ti. Thus, for each k = 1,2, the z-tuples {s^ G |TjrJ i = l,...,z} 
give rise to elements s k of |Tj(r 1 u....ur\ 5 ) I = l^|(ri+...+r z )| which still separate £ on 
Ti U ... U T z . As Li + ... + T z = Z7r*7, © gives elements of |T| that separate £ 
on A. 
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Case 2: P G Supp(£) and (cf (scheme theoretically), where F — P(£|/) and 
f = p-\p{n{P)). 

Let F also denote the numerical class of P(£i/) in Num(X). As in the previous 
case, let us choose z smooth rational curves 7 1; ...,7 2 G |Co + xf\ such that they 
intersect each other transversely at (Co + xf) 2 = 2x — e points, each of them 
intersects / transversely at one point different from 7r(Supp(£)), not belonging to 
W, and such that any 3-tuple of curves in {7-^, 7 Z ,/} has empty intersection. 
Note that all the suitables choices ar possible because \Cq + xf\ is very ample. 

Let F, also denote the numerical class of Ti = P(£| 7 .) in Num(A). We get the 
same results about h°(Ti, Tjr 4 ) as in Case 1 and we have h°(Ti, TjrJ = (L+M)(Co + 
xf) + 2 for any i = 1, z. 

As Tip is very ample we can take G \T\ F \ and Sg G \T\p\ separating £ on 
F. We can also choose sj and s§ such that they intersect transversely all the 
fibres F n Tj j — 1, z. Then we can choose s{ G |TjrJ and Sj G |T'|p 1 1 such that 
sfflf = s§nFi, for k = 1,2, and such that they intersect transversely all the fibres 
riflTj j = 2, As ft°(r 2 ,T| r2 ) > 2[(2x-e) + l], by Lemma |4~TI we can choose 
4 6 l T |r 2 l and si, G |T| r J such that s\C\T 2 = sfnTi, s£nF = sgnr 2 for k = 1,2, 
and such that they intersect transversely all the fibres rsnTj j = 3, z. and so on. 
At the end, by recalling that assumption 6) gives h°(Ti, Tj r .) > 2[(z — l)(2a; — e) + l], 
for any i = 1, 2;, we get a (z + l)-tuples {s^, i = 0, 1, z} for fc = 1,2, giving 
rise to two elements s k G |Tj( i ? u r' 1 u...ur S! )| = (^(F+ri+.^+r^l tnat separate £ on 
F U Ti U ... U T z . As Ti + ... + T 2 + F = zir*^ + n*f, © gives elements s k G |T| 
that separate £ on A. □ 

Remark 4.1. A^ote £/ia£ £/ie previous criterion is purely numerical because condition 
5) can be translated into a vanishing condition as we have seen in the proof of 
Theorem \4-2\ 

To show the large validity of Theorem 14.21 we give the following example. 

Example: let us consider on Y — F e two line bundles L = oCq + bif and 
M = (a + 2)Co + b m f with a > 0. Let us consider Ky = — 2Co — (2 + e)f so that 
Ky + M — L = [b m — bi — e — 2)/. Let us assume b m — hi — e — 2 > and let 
us choose W = {two distinct points on a fixed fibre /}, hence w — 2. In this way 
we can apply Griffiths-Harris theorem on the existence of rank 2 vector bundles 
on surfaces (because every section of \Ky + M — L\ passing through a point of W, 
passes also through the other point, see [D-L] . Theorem 3.13 and its proof) and we 
get an exact sequence as the following: — > Oy (M — L) ® Tw — > 0. 

By tensorizing with L we get our vector bundle £: 

-> L -> £ -> M ®F W -> 0. 

Let us fix a; = e + 2 and z = a + 1 and let us write down all necessary numerical 
conditions to satisfy the assumptions of Theorem 14.21 

1) 2a + bi > and 2a + 4 + b m > 2. 

2) a > 0. 

3) b m - (a+ l)(e + 2) > e-1. 

4) 6 m -(a + l)(e + 2)-l >e-l. 

5) b m - (a + l)(e + 2) - 1 > e and & m - (a + l)(e + 2) - 2 > e. 

6) 6; + 6 m > 4a + 2ae - 4. 

By looking at all required conditions in theorem l4.2l one can show that, for fixed 
e, a > 0, bi > —2a, all assumptions are satisfied for b m >> 0, thus obtaining the very 
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ampleness of a large class vector bundles £. These bundles give rise to 3- folds scrolls 
embedded with fairly large degree (see Remark l3~T1 and Section 7). For instance, if 
d := deg(X), we have d = ci{£) 2 -c 2 {£) = (3a+4)(6 m + 6 ; ) -26, -e(3a 2 + 6a+4) -2, 
and, if we put e = a = 1, bi = —1, b m — 9, we get d = 43. 

5. A CRITERION FOR RULED SURFACES ON ELLIPTIC CURVES 

In this section we want to give some very ampleness criterion when the surface 
Y is a ruled surface on an elliptic curve, i.e. Y = P(J-), where J 7 is a normalized 
rank 2 vector bundle over a smooth elliptic curve C with invariant e. Normalized 
means that h°(C,J-) ^ 0, but h°(C,J- <g) C) — for any linear bundle C on C of 
negative degree. As usual, let p : Y — > C be the natural map. 

To get our criterion, in this case we will need stronger assumptions. Let us begin 
with the following. 

Lemma 5.1. Let Y be an elliptic ruled surface as above over an elliptic curve C. 
Let A = Co + bf a very ample divisor on Y (where Co and f are, respectively, the 
numerical classes of the tautological line bundle and of the fibre). Let Pi, P r be 
r > 2 distinct points on Y such that no two of them lie on the same fibre. Let F := 
{fp 1 ,fp 2 ,...,fp r } where fp z = p*p(Pi). Ifh°(Y,A) > 2r + 2 then there exists at 
least an element 7 € \A\ passing smoothly through P\,...,P r , intersecting any fp i 
tranversely and intersecting transversely any other finite set of fibres $ := {fj} 
with F n $ = 0. 

Proof. Firstly, let us assume that <I> is empty. For any point Pi let us choose a 
vector qi <E Tp i (Y) pointing towards a direction different from that of fp i . By 
assumption, there exists at least a pencil of elements 7 £ \A\ passing through 
Pi,...,P r and having tangent direction qi at Pi i — l,...,r (2r linear conditions). 
If there exists at least an element 7 6 \A\ passing smoothly through Pi,...,P r 
and cutting any fp i tranversally we are done. Otherwise every 7 is singular at 
some points, say, Pi, P s and therefore every 7 must be reducible into an element 
i £ \A-b\fp 1 -b 2 fp 2 - ... - b s f Ps I and the union of fibres f Pl , /> 2 , f Ps with 
multiplicities 61,62, ...,b s (see also the proof of Proposition 13. 4|) . Now the generic 
7' is smooth at any Pj and, by our assumptions, 7' has tangent vector qi at any P 4 . 

Let p : Y — > C be the natural projection. If 6 :— b\ + 62 + ... + b s > 3, we 
can choose other 6 generic points Hi,..., Hi, £ C (not necessarily distinct) such 
that f Hl + fu 2 + ... + f Hb is linearly equivalent to bif Pl + b 2 fp 2 + ■■■ + b s f Ps . 
This is possible because b\p{P\) + b2p{P 2 ) + •■■ + b s p{P s ) is a very ample divisor 
on C, so that it suffices to choose a generic divisor Hi + ... + Hb (disjoint with 
bip{Pi)+b 2 p(P 2 ) + ...+b s p{P s )) in the linear system \bip{Pi)+b 2 p{P 2 ) + ...+b s p{P s )\. 
Now we can consider an element 7' + fu x + /h 2 + ••■ + fH b £ \A\ and we are done. 

If 6 := 61 + 62 + ... + 6 S = 2 we can choose other 2 generic points Hi,H 2 6 C (not 
necessarily distinct) such that fu x + /ff 2 is linearly equivalent to b±f Pl + b 2 fp 2 + 
... + b s fp s . This is possible because bip(Pi) + b 2 p(P 2 ) + ... + b s p(P s ) is a degree 2 
effective divisor on C, hence |6ip(Pi) + b 2 p(P 2 ) + ... + 6 s p(P s )| is a one dimensional 
linear system without base points and it suffices to choose a generic divisor Hi + H 2 
(disjoint with bip(Pi)+b 2 p(P 2 ) + ...+b s p(P s )) in it. Now we can consider an element 
7' + fax + fti 2 &\A\ and we are done. 

If 6 := bi + b 2 + ... + b s = 1, say 61 = 1 and 62 = ... = b s = 0, every 7 must 
be reducible into an element 7' 6 \A — fp 1 \ and the fibre fp 1 . Because there exists 
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at least a pencil of elements 7 G |A| passing through Pi, P r and having tangent 
direction qi at Pi i = 1, ...,r, we can choose another point P' G fp 21 P' ^ P2 
(recall that r > 2) and we can find at least an element 7 G |^4| passing through 
P±,...,P r ,P' and having tangent direction qi at Pi i — l,...,r. We have that 7 is 
reducible into an element 7' € \A — fp 1 — fp 2 1 and the two fibres fp 1 , fp 2 . As above, 
7' is smooth at any Pi and, by our assumptions, 7' has tangent vector qi at any 
Pj, moreover, as above, we can choose a generic divisor ^ + H 2 (disjoint with 
p{P\) + p{P2)) such that + fn 2 is linearly equivalent to fp 1 + fp 2 . Now we can 
consider the element 7' + fu x + fu 2 G \A\ and we are done. 

Now let us assume that $ is not empty, with j = 1, 2, and let us proceed 
as in the previous case. If 7' (or 7' ) intersects every fibre of $ tranversally we are 
done. Otherwise 7' (or 7' ) must be reducible into an element 7" G \A — b\ip 1 — 
hi if 2 — ■ ■ ■ — bpfp I and the union of fibres ip x , ip 2 , ■ ■■ , f p with multiplicities b\ , 62 , ■ ■ ■ , b p . 
One can then argue as in the previous case. Note that, as all our choices are made 
by using generic points Hi on C, we can avoid any fixed set of points on C. □ 

Now let us return to the surface Y = P(J r ). It is well known that, if T is 
indecomposable, hence semistable, then < — e := deg(^) = deg[ci(.F)] < 1; if T 
is decomposable then T = Oc®C where £ is a line bundle of degree — e < 0; (seejHj, 
V, Theorem 2.12 and 2.15). Moreover if we compute the invariant p~(^F) (see |Bu] 
for the definition) we have that p~(P) = — | in the first case and /i _ (JF) = — e in 
the second case. 

We have the following version of Theorem 14.21 for elliptic ruled surfaces: 

Theorem 5.2. Let Y = F(J-) be a surface as above. Let L = aiCo + bif, M = 
a, m Co + bmf be line bundles over Y. Let £ be a rank 2 vector bundle over Y such 
that there exists an exact sequence — » L — > £ — > M ® Xw — > where 2w is the 
ideal sheaf of a 0- dimensional reduced scheme W C Y of length w. Let X = P(£) 
and let T be the tautological line bundle on X. 

Assume that there exist integers x and z > 1 such that: 

0) x + H~{^F) > 3 (or x + /i~ (J 7 ) > 1 if T has degree 1) 

1 ) min{a;a; + 6; — a;e, xa m + b m — a m e — 2} > 3 

2) Lf > 0, Mf > lm Y {W) 

3) h^Y, L-zCo- zxf) = 0, h^Y, M - zC a - zxf) = 

4) h l (Y, L-zC - zxf - f) = 0, h\Y, M - zC - zxf - /) = 

5) the support of W is in general position with respect to the linear systems 
\M — z(Cq + xf)\ and \M — z(Cq + xf) — p*P\ (i.e. the following natural maps 
H°(Y, M - z(C + xf)) H°(Y, (M - z(C + xf)) ® O w ) and H°(Y, M - z(C + 
xf) - p*P) -> H°(Y, (M - z(C + xf) - p*P) ® Ow) are surjective), where P is 
any point of C 

6) {ai + a rn )(x -e) + b l + b rn > 2(z - l)[(2x - e) + 1] + 2. 
Then T is very ample. 

Proof. Let us recall (see [M ) that a divisor on Y, whose numerical class is aCo + (3f, 
is ample if and only if a > 1,(3 + ap~(T) > 0. The divisor is very ample if 
(i + ap-(T) > 3 or /? + ap~(T) > 1 if T has degree 1 (see |A-B-Bj ). 

Let us consider a linear system \Cq + p* x\ with deg(>f) :— x. By 0) it is very 
ample. Let 7 be any smooth elliptic curve in this system passing through at most 2 
points of W. Let us consider the restriction £| 7 . We get an exact sequence: — > C — > 
£j 7 — > M ^0 where C and M are linear bundles on 7 of degrees xai +bi —aie + e 
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and xa m + b m ~a m e — e respectively, and e = 0, 1, 2 is the number of common points 
among 7 and W. Recall that pT (£ u) > miri{xai + 6j — aie + e, ira m + b m ~ a m e — e} 
(see |Bu] ) . By 1) /i _ (£| 7 ) > 3, so that £\~ is very ample by Theorem 3.3 and 
Proposition 3.2 of jA-B-Bj . 

If we fix any fibre / of Y and we consider £u , we get that £u is isomorphic to 
Opi (h) © Opi (fc), with h, k > by assumption 2), so that £u is very ample. 

Let us consider the following exact sequences: 
Q^L-z~f^£(g> O y (-zj) -> (M - zi)®Z w -> 0, 
->• (M - 27) <g> X w -> M - 27 -> (M - Z7) ® Oiv -> 0. 

By using assumptions 3) and 5) it is easy to see that h x (Y, £ ® Oy(— 27)) = 0. 

Let us consider the following exact sequences, for any point P G C: 
-> L - z 7 - p* P -> £ Oy(-z7 - p* P) -► (Af -z7-p*P)®Z w -> 0, 
(M - 27 - p*P) (8) X w ->■ M - z-/ - p*P -> (M -z~f- p*P) ® ff 0. 

By using assumptions 4) and 5) it is easy to see that h}(Y, £ <S>Oy (— 27 — p* P)) = 

0. 

Let us consider any effective divisor P/ = Z7r*7 on X and the exact sequence: 
{) ^ T - D ^ T -> T ® O d ^ {). The natural map \T\ -> |T [£) | is surjective 
as ^{X.T - D) = h Y {Y,£ ® Oy(-z7)) = by the above vanishing. A similar 
argument shows that if P = Z7r*7 + 7r*p*P, the natural map is surjective too, for 
any point P G C. 

Now we proceed as in the proof of Theorem 14.21 after recalling that, in our 
assumptions, on Y there are no \Cq + 7r*>r|-lines except for the ruling by Lemma 

Now we can repeat the proof of Theorem l4.2l more or less verbatim. We have to 
use LemmalOwith r = (C +ir*x) 2 = (2x-e) (orr= (C +7r*^) 2 + l = (2x-e) + l) 
instead of Lemma l4.ll Note that, in any case, assumption 0) implies that r > 2. The 
only difference is that here h°(Ti,T^. ) = h°(T2, 2]r 2 ) = (ai+a m )(x— e)+bi+b m for 
any i > 2, so that the last condition has to be: (ai+a m )(x—e)+bi+b m > 2(z— l)r+2 
in all cases, i.e. we need assumption 6). □ 

6. Very ampleness through general position 

In this section we consider some very special rank 2 vector bundles over Y = F%. 
The aim of Section 6 will be evident in Section 7. 

Definition 6.1. Let W' be a 0- dimensional scheme of lenght w' in P 2 consisting of 
w' simple points. These points are said to be in general position on P 2 if for any 
positive integer k, h (F 2 ,l w ,(k)) = max{/i°(P 2 , O p2 (k)) - w',0} = max{( fe + 2 ) - 
w',0}. Let s : Y — » P 2 be the blow up of P 2 at one point P , and let W C Y 
be a ^-dimensional scheme consisting of w simple points none of which lie on the 
exceptional divisor. These points are said to be in general position on Y if PqUs(W) 
consists of w' = w + 1 distinct points in general position on P 2 . 

Definition 16.11 can be reinterpreted in terms of cohomological vanishing. 

Lemma 6.1. Let s : Y — » P 2 be the blow up 0/P 2 at one point Pq. Let W be a set 
of w distinct points on Y in general position according to definition \6.1\ let D = 
aCo + bf be a divisor on Y such that a > 0, b > 1 and b > a. Let us assume that 
h°(Y,D) > w, then h}{Y,D®l w ) = 0. 

Proof. Let us consider the exact sequence: — > D ® X\y — > D — > D ® Ow ^ 0. 
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As if 1 (Y,D) = we get our vanishing if (ad only if) the restriction map r : 
H°(Y,D) — > H°(W,D <g) Ow) is surjective. Let I be the pull back of the generator 
of Pic(P 2 ) and let Iq be the exceptional divisor for s, then D = bl — (b — a)lo and, 
by assumptions, D is an effective divisor. Hence r is surjective if and only if the 0- 
dimensional scheme s(W) imposes independent conditions on plane curves of degree 
6, having a point of multiplicity at least b — a at Pq. This condition, using the same 
language, definitions and notation introduced in [C-M] . pag. 192, is equivalent to 
the quasi-homogeneous linear system C{b, b~ a,w, 1) not being special. This in 
turn follows from Theorem 8.1 and Lemma 7.1 of [C-M] as P Us(W) are in general 
position in P 2 . □ 

Now, let L = Cq + (5 — ft)/ and M = 2Cq + hf be two line bundles on Y with 
h > 3. Let us fix an integer y such that —2 < y < 4 and let us choose a set W 
of w = h + y > 1 distinct points on Y in general position according to definition 
16.11 in particular each fibre contains at most one point of W. On our surface 
Ky = -2C Q - 3/ so that \K Y + M - L\ = | - C + (2h - 8)/| = and therefore 
we can apply Griffiths-Harris theorem on the existence of rank 2 vector bundles on 
surfaces (see [D-Lj . Theorem 3.13 and its proof) and we get an exact sequence as 
the following: — * Oy — * £' y — * (M — L) <E> Tw — * 0; by tensorizing it with L we 
get rank 2 vector bundles £ y : 

L ^ £ y -> M ®l w -> (*) 

such that ci(£ y ) = 3Co + 5/, C2(£ y ) = 8 + y. In this section we prove very 
amplenes results for £ y , with —2 < y < 3, for suitable sets W of ft. + y generic 
points of Y. These results are presented in Theorems 16.61 and 16.91 after a number of 
preparatory Lemmas. 

Firstly we have the following. 

Proposition 6.2. Let £ y be any vector bundle defined as above by (*). Let f be 
any fixed fibre of Y. Let 7 be a smooth element of \Cq + f\ passing through at most 
two points of W. Then: 

i) the restriction £ y ^j is isomorphic to Opi(l) © Opi(2), hence very ample; 

ii) ifh = 3 then h x {Y,£ y <g Oy(-J)) = for -2 < y < 3; 
Hi) ifh = A then h x (y,£ y ® Oy(-J)) = for -2 < y < 4; 

iv) if h = 3 the restriction £ y \c * s ver V ample; 

v) if h — 4 the restriction £ y \c * s ver y ample or, possibly, the rational map 
associated to the linear system of the tautological divisor in F(£ y \ Ca ) is a birational 
morphism, contracting only Cq at a singular double point; 

vi) ifh = 3orh = 4, h x {Y,£ y ®O Y {-C )) = 0; 

vii) if h = 3 or h = 4, the restriction £ y \ 1 is very ample; 

viii) ifh = 3 then h x {Y,£y ®Oy{~i)) = for -2 < y < 2; 

ix) ifh = A then h x {Y,£ y ®Oy\~i)) = for -2 < y < 3. 

Proof. For i) we restrict (*) to / and we get the exact sequence: 
-> 0,i (1 + e) -» £ ylJ -> O p i (2 - e) -»■ 

where e = 1 or e = according to whether / contains one point of W or not. Note 
that, in any case, £.j ~ Opi(l) © Opi(2), hence very ample. 

For ii) and m) we tensorize (*) by Oy(—f) and we get: 
Co + (4 - /i)/ -> £ y ® Oy(-7) -» (2C + /i/ -/) ® X w ^ 0. 
In any case ft^F, C + (4 - /i)/) = 0. Moreover h x (Y, (2C + ft/ - /) ® J w ) = 0, 
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by LemmaEU if h°(Y, 2C + (ft - l)f) = 3ft - 3 > w = h + y. 

Hence h}{Y, £ y (g) Oy(— /)) = for y < 3 when ft = 3 and for y < 4 when ft = 4. 

For w) and u) we restrict (*) to Co and we get the exact sequence (recall that 
W n C = 0): -> Opi(4 - ft) £ a | Co -> P i(/i - 2) -f 0. If ft = 3 then £ a | Co 
is very ample. If ft = 4, we have two cases: £j,|c = Opi(l) © Cpi(l), very ample, 
or f^ico = Cp 1 © Cp 1 (2); in this second case it is well known that P(£ y \ Co ) ~ F2 
and the tautological linear system gives rise to a birational morphism sending F2 
into a quadric cone of rank 3, singular only at its vertex, where the curve Co is 
contracted. 

For vi) we tensorize (*) by Oy(— Co) and we get the exact sequence (recall 
that W n Co = ) : -» (5 - ft)/ -> £ a <g> Cy(-C ) -> (C + ft/) ® -> 0; now 
ft 1 (y, (5 -ft)/) = Oandft^Y, (C +ft/)®I W ) = by LemmaOas ft°(F, C + ft/) = 
2ft+l>ui = ft + y. 

For vii) we restrict (*) to 7 and we get the exact sequence: 
— > Cpi (5 — ft + e) — > £ y | 7 — > Cpi (ft — e) — > where e = 0, 1, 2 according to whether 
7 passes through 0, 1, 2 points of W. In any case Ey^ is very ample. 

For viii) and ia;) we tensorize (*) by Oy(— 7) and we get the exact sequence: 
-> (4 - ft)/ -» £ y ® Oy(-7) -> (2C + ft/ - 7) ® ^ ^ 0. 

In any case ft 1 ^, (4 - ft)/) = 0. Moreover ft 1 ^, (2C + ft/ - 7) ® X w ) = 0, by 
Lemma EU if h°(Y, 2C + ft/ - 7) = 2ft - 1 > w = ft + y. 

Hence h}(Y, £ y ®Oy{~ 7)) = for y < 2 when ft = 3 and for y < 3 when ft = 4. □ 

Now we prove the following Lemmas. 

Lemma 6.3. Let £ y be any vector bundle defined as above by (*). Let A = Co + xf 
be a divisor on Y. Then £ y ® Oy(A) is very ample for x » 0. 

Proof. Let us tensorize (*) by Oy(A). We get: 

0^L + A^£ y ® Oy{A) — » (M + A) ® l w — > 0. 

By Proposition 4.2 of [B-D-Sj it suffices to show that £y Oy(A) is 1 — jet 
ample and, by Proposition 4.1 of [B-D-Sj it suffices to show that £ y (8) Oy(A — B) is 
generated by global sections where B is a very ample divisor such that B = Co + 2/. 
In other words, it suffices to show that £ y ® Oy(xf) is generated by global sections 
for a: >> 0. Let us consider P(£ y €5 Oy(xf)) and let us consider its tautological 
divisor T, we have only to show that \T\ has no base points. 

Let us tensorize (*) by Oy(xf). We get: 

Q ^ L + xf ^ £ y ® Oy(xf) -> (M + x/) ® X w -> 0. 

Let us fix any fibre / of Y. By arguing as in the proof of Proposition 16.21 i), 
we have that [£ y ® Or (a;/)] 17 is very ample for x » 0. By arguing as in the 
proof of Proposition 16.21 ii) and Hi), we have that ft 1 (F, £ y <8> Oy(xf — /)) = for 
x >> 0. Hence, we get that 7jy is very ample and \T\ —*\Th\ is surjective. Now, by 
contradiction, let us assume that \T\ has a base point P and let / be the unique 
fibre of Y passing through ir(P); P would be a base point also for |7jy|, but this is 
not possible as 7jj is very ample. □ 

Lemma 6.4. Let £ y be any vector bundle defined as above by (*) and let f be any 
fixed fibre of Y. Let Si be the rational ruled surface ¥(£ ,j) and let T and tp be 
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the standard generators of Num(Si) ~ Pic(iSi). Let T be the tautological divisor of 
X := ¥(£ y ) as usual and let A = Cq + xf be a divisor on Y with x » 0. We have 
the following: 

i) S\ ~ Fi, T\g y = To + 2ip is very ample and for any generic smooth element 
1S2 G \T + it* A\ the intersection S 2 fl Si is a smooth rational irreducible curve 
C = T + 3(p, moreover |Tj Sl || C ~ |T| Sl |; 

ii) let £ G X^ be any subscheme contained in a smooth surface as Si (i.e. 
£ G S^ ), then £ is separated by \T\ for —2 < y < 3 if h — 3 and for —2 < y < 4 if 
h = 4, moreover \T\ has no base points; 

Hi) the generic surface S2 G \T + n*A\ is isomorphic to the the blow up of Y 
at 5x + 9 + y distinct points, hence to the blow up of P 2 at 5x + 10 + y distinct 
points; if we generate Num(S 2 ) with the pull back I of the generator of Pic(P 2 ), 
the pull back lo of Co G Y and the classes of the exceptional divisors, we have that 
T| S2 = ( x + 5)l-(x + l)l -li----l 5x+9+y> l T l - l T |s 2 l and h {S 2 ,T {S2 ) > U-y. 
Proof, i) The first conclusions follow from Proposition 16. 21 part i). Moreover we 
have that S 2 \ Sl = (T + n*A) lSl = T Q + 2(p + ip and for generic S 2 G |T + n*A\ 
the intersection C := S 2 fl Si is a smooth irreducible curve because T + it* A is 
the tautological divisor of F(£ y (g) Oy(A)), hence it is a very ample divisor of X by 
Lemma [6731 C is rational being a section of Fi. 

Let us consider the exact sequence — > Tjgj — C —>■ Tigj — > (Tig^ic -» on 
Si, we have /i i (S'i,T| Sl - C) = h l (Si,T + 2^- (T + 3p)) = h^Si,-^) = for 
i = 0,1, so that |T| Sl || C ~ |T| S J, note that h°(Si,T ]Sl ) = 5. 

ii) Let us look at the exact sequence: — > T — Si — > T — > T| Sl — * on X. We 
know that Tjgj is very ample in any case, so that |TjgJ separates ^, moreover we 
have h}(X,T — Si) — for —2 < y < 3, if h — 3, by Proposition 16. 2[ part ii), and 
h 1 {X,T - Si) = for -2 < y < 4, if h = 4, by Proposition [6~2l part m). Hence 
the map \T\ — > |Tig 1 | is surjective and we can separate £ by |T|. 

Now, let us assume by contradiction that |T| has a base point P and let /p 
be the fibre of Y passing through 7r(P). As we have seen the map |T| — > is 
surjective, where Si = f{£ y \f p ), then P would be a base point for |TjsJ too. But 
it is not possible because Tj^ is very ample. 

Hi) Recall that, for x » 0, £ y ® Oy(A) is very ample by Lemma HOI It is 
well known that c 2 [£ y ® Oy{A)} is the zero cycle of the zero locus of a generic 
section of £ y <S> Oy (A) and that a smooth element 52 G \T + tt*A\ is isomorphic to 
the blow up of Y exactly at the deg{c 2 [£ y ® Oy(A)}} = 5x + 9 + y points which 
are the zero locus of the corresponding section of £ y <g> Oy (A) (see |B-S] Theorem 
11.1.2.). Moreover H X {Y,L + A) = for x » 0, hence H°(Y,£ y ® Oy{A)) = 
H°(Y, L + A) © H°(Y, (M + A) ® I w ) and the zero locus of any section a = a' + a" 
of £ y (8 Oy(A) is a group of 5x + 9 + y points belonging to (cr")o (note that this is 
independent of h). For generic a the zero locus (c")o is a smooth curve and (a)o is 
a set of points linearly equivalent, on this curve, to the intersection with (cr')o, so 
that we can assume that they are all distinct. 

Let Cq, /', li, , l5 X+ 9 +y be the generators of Num(S l 2) (the classes of the pull 

back of Co, / and the 5x + 9 + y exceptional divisors of the blow up). The Wu-Chern 
relation for £ y ® Oy(A) (see [&TI] pag. 606) implies that (T + ttM) 2 = ir*{a[£ y ® 
Oy(A)]}(T + tt*A) - c 2 [£ y ® Oy{A)]. Hence (T + tt*A) IS2 = {v\s 2 Y {ci[£ v ® 
Oy(A)}} - h....-l 5x+9+y = {ir lS2 )*(3C + 5f + 2A)-li....-l 5x+9+y and7| S2 = 
(^|S 2 )*(3C + 5f + A) — h — l 5x+9+y = 4C + (5 + x)f - h .... - l 5x+9+y . 



NUMERICAL CRITERIA 



17 



As Y is the blow up of P 2 at one point Pq, S2 is the blow up of P 2 at 5x + 10 + y 
points, so we can also generate Num(S2) with the pull back I of the numerical class 
of a line in P 2 and the classes of the 5x + 10 + y exceptional divisors. If Iq is the 
class of the pull back of the exceptional divisor of the blow up of P 2 at Pq we have 

C = l and /' = / - l so that: Tj S2 = (x + 5)1 - (x + l)l — h hx+9+y 

It is easy to see that h°(S 2 , T\g 2 ) >ll-y. Note that h°{S 2 , T\ Sa ) = 11 — y if the 
5x + 10 + y points are in general position, but this fact is not known a priori. 

Now let us consider the exact sequence: — > T — S2 — > T — ► Tjg 2 — > on X, As 
T-S 2 = ~tt*A we have that h°(X, -tt*A) = and h r {X, -w*A) = h^Y, -A) = 0, 
so that H°(X,T) = H°(S 2 ,T lS2 ) hence \T\ ~ |T| S2 |. □ 

Lemma 6.5. Let £ y be any vector bundle defined as above by (*). Let £ G X^ be 
any subscheme of X having its support at a single point P G X. Then \T\ separates 
£ for -2 < y < 3 if h = 3 and for -2 < y < 4 if h = 4. 

Proof. We will show that assumptions (3) and 7) of Proposition 13.51 are satisfied 
with A = Co + xf, x » 0, and B = f. It is easy to see that 7) it is true for 
x >> 0, so we have to prove that [3) is true for any point P and any direction 
qE Tp(X). In other words, we have to show that there exists a smooth section r G 
\T\ such that (r)o passes through P and its tangent space at P does not contain q. 

Let us consider 7r(P) and the fibre fp of Y passing through 7r(P). Let us choose 
a smooth surface S2 £ |T + 7r*A| passing through P (recall that T + tt*A is very 
ample for x >> 0) and a smooth Si := 7r _1 (/p); so (3)i) is fullfilled. 

By Lemma 16.41 ii) we can assume that q ^ Tp(Si). 

By recalling that T]5 1 is very ample in any case we can choose o~\ G iTjgJ such 
that ((7 1)0 is a smooth curve, passing through P, with tangent vector £ G Tp(Si) 
and is fulfilled. Obviously t^q. We can also choose a generic smooth element 
S2 G |T + n*A\ such that S2 cuts transversely Si along a smooth rational curve 
C, (hence Tp(Si) fl Tp(S2) = Tp(C)) and S2 cuts transversely (ci)o at 4 distinct 
points P = Pi,...,Pi G C by Lemma IB~4l z). The independent vectors t and 
g G Tp(X) generates a 2-plane in Tp(X) cutting Tp(S2) along a vector w. Now 
we choose a vector wG Tp(S2), v^w, and we consider the linear subsystem A of 
|T|5 2 | = \(x + 5)L — (x+ 1)Z — h ■ ■ ■ ■ — hx+<3+ y \ (see Lemma l6T4"l m)) given by those 
elements passing through P = Pi , . . . , R4 and such that their zero- loci are tangent 
to v at P. This is possible because h°(X,T) — h (S2,T\s 2 ) > 11 — y, (see Lemma 
16.41 m)), and therefore the (projective) dimension of A is > 5 — y > 1. 

Now we want to show that not all the zero loci of the elements of A are singular 
at P. In fact any element of A whose zero-locus is singular at P comes from a degree 
x + 5 plane curve C intersecting a line I passing through Po (corresponding to C) 
with multiplicity at least x + 6. Hence I is an irreducuble component of C and the 
zero-locus of the corresponding element of A contains C. Therefore the zero-loci of 
all elements of A are singular at P if and only if A = \Tig 3 — C\. But this is a fixed 
subspace of |Tig 2 |, whose sections have zero-loci having at most a finite number of 
fixed tangent vectors at P. If A = |Tj S2 — C| all zero-loci of A are reducible as the 
union of C and other curves passing through P with the same tangent vector v, so 
that it suffices to change suitably the choice of v to avoid this case. 

In conclusion we can assume that not all zero-loci of the elements of A are 
singular at P, hence that not all of them contain C. Hence there exists a section 
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a 2 G A C |T|g 2 | whose zero-locus is smooth at P, having v as tangent vector, such 
that w^< t,v >, so that q^< t,v> too so that f3)iii) is fullfilled. 

As H°(X, T) = H°(S 2 ,T lS2 ) we get that there exists r € \T\ such that t ]S2 = a 2 
and (r)o does not contain Si because (a 2)0 does not contain C. Hence a 1 := T| Sl 
is a non zero section of \Tig 1 | and we have a l G < <J\ > because o~ 1 and 07 cut the 
same divisor R\ + R 2 + P3 + P4 on C and iTjsJic — \T\s ± \ by Lemma i). By 
choosing suitably the generator of < a± > we can assume that r\g 1 = o\ so that 
f3)iv) is fulfilled a fortiori by choosing a :— t\s 1 us 2 - ^ 

Now we can prove the following result, stating the very ampleness of almost all 
vector bundles £ y when h = 3. 

Theorem 6.6. Let £ y be any vector bundle defined as above by (*) with —2 < y < 2 
and h = 3. Then £ y is very ample. 

Proof. Let T be the tautological divisor of X = ¥{£ y ), let £ be any fixed element 
of X I 2 ! and let s : Y -> P 2 be the blow up of P 2 at P . We have to prove that \T\ 
separates £. By Lemmas 16.51 and 16.41 we know that we have to consider only the 
cases in which the support of £ consists of a couple of distinct points P, Q projecting 
on different fibres of Y. 

Case 1: neither tt(P) nor ir(Q) belong to Co- We use a slightly different version 
of the proof of Theorem [42] i.e. we use the linear system \Cq + f\ which is not very 
ample. However, in this case, there exists a smooth element 7 £ \Cq + f\ passing 
through n(P) and n(Q). Moreover 7 passes through two points of W at most, 
because 7 corresponds to the unique line passing through s[7r(P)] and s[7r(Q)] on 
P 2 and s(W) is a set of points in general position on P 2 . Very ampleness of £ y follows 
from Proposition 16.21 vii) and viii) as Tjj^g . ) is very ample and \T\ — * |Tjp(£ . )| 
is surjective. 

Case 2: 7r(P) and ir(Q) belong to Co- Very ampleness of £ y follows from Propo- 
sition [6T2l w) and vi) as Tjp( £ y | Co ) is very ample and \T\ — > |T|p(£ y|Co ) | is surjective. 

Case 3: n(Q) G Co and n(P) £ Co- Let fp be the fibre of Y passing through 
7r(P) and let E C I be the reducible surface P{£ y \c ) u p (^|/p)- Let P G V be 
the unique point fp n Co so that P(£ y | Co ) R P(£ y \f p ) = Fp (as in the proof of 
Proposition 13. 5p . By Proposition 16.21 iv). we know that P|P(£ y | Co ) is very ample, 
so that we can take a smooth element a 2 G |2]p(£ B | )| such that Q ^ (cr 2 )o and 
(^2)0 cu ts Fp transversely at a point H. By Proposition 16.21 i). and ii), we know 
that P|p(£ H|/p ) is very ample and that |P|p(£ y | /p ) I = I To + 2<^| on a surface Fi. It is 
possible to choose an element (not necessarily smooth) G |P|p(£ y|/p ) | such that 
(cr 1 )o passes through P and cuts transversely at H. Note that Fj is embedded 
by |To + as a scroll in P 4 , in such a way that F# is a fibre of the scroll, but 
P ^ Ffl, hence it is not possible that all hyperplanes passing through P and H 
contain the line F^ in P 4 . 

Now the pair (<7i, 0-2) is a section of |Xj s | separating P from Q and, by Proposi- 
tion [(TU viii), we can lift this element to an element of \T\ acting in the same way 
and we are done. In fact, note that the proof of Proposition 16.21 viii) works even 
when 7 = Co U fp. 

Obviously if tt(Q) ^ Co and 7r(P) G Co we can interchange the roles of P and Q 
in the previous argument. □ 
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We can also prove the very ampleness of £3 when h = 4, but we need other 
Lemmas. 

Lemma 6.7. Let Pq,Pi, ...,Ps be 9 distinct points in P 2 , lying on a smooth cubic 
curve C. Assume that the complete linear system C of quartics passing through them 
has no base points. Then C is very ample. 

Proof. Let S be the blow up of P 2 at Po, Pi, P%. We can generate Pic(5) ~ 
Num(5) with the pull back I of the numerical class of a line in P 2 and the classes 
k of the 9 exceptional divisors. In this notation the class of any irreducible curve 7 
on S is either one of the U or a class of the following type: al — oqIq — ... — aglg, for 
suitable integers a > 1 and a% > 0, as 7 comes from an irreducible plane curve. The 
curve C in P 2 gives rise to a curve C on S such that C = 31 — Iq — ... — 18, moreover for 
any irreducible curve 7 on S, different from U, we have: < C7 = 3a — ao — ... — as; 
it follows that the class al — oqIq — — agls of any irreducible curve 7 on S, different 
from li, must satisfy the condition: 3a > ao + ... + ag. 

Very ampleness of C is equivalent to very ampleness of |4Z — Zo — ^i — on and 

this will be established via Reider's method (see |D-L| Theorem 2.1). Let M be a 
divisor on S such that il-l -li....-l s = K s + M. It is M = 7Z-2Z -2Z 1 ....-2Z 8 . 
To be able to apply Reider's Theorem, M must be big and nef with M 2 > 10. 
Obviously M 2 = 13, moreover M/j = 2, for any i, and M7 > a > 1 for any other 
irreducible curve 7 on 5 1 , thanks to the above condition. It follows that M is ample 
(Nakai-Moishezon criterion, see [H] pag. 365) and therefore big and nef. 

Now, if E is a candidate effective divisor that, according to Reider, could cause 
Ks + M not to be very ample, it must be as in one of these cases: 

8 8 

1) E = I — a ih, E irreducible, ME =1, ai — 3, < a^ < 1 for any i; 

i=0 i=0 

2) E ee 21 - J2 a ih, E irreducible, ME = 2, ]T a, = 6; 

i=0 i=0 

8 

3) E = Ei + E 2 , Ei ^ E 2 , where each Ej is irreducible, Ej ee I — J2 aijh, 

i=0 

8 

ME = 2, dij — 3, < ajj < 1 for any i and j. 

i=0 

In all cases it is E 2 < —2, not satisfying Reider's conditons, hence C is very 
ample. □ 

Lemma 6.8. Let £ y be any vector bundle defined as above by (*) with y = 3 and 
h = 4 (hence w = 7). Let f be any fixed fibre of Y and let Si := P(£ 3 |y) C X. 
Then: 

i) the generic element S of the linear system \T — Si\ is smooth and irreducible; 

ii) any linear subsystem of \T — Si\ consisting of elements which are all singular 
and or reducible has codimension at least two; 

Hi) the restriction map \T\ — > \T\\$ is surjective for any smooth S E \T — Si\; 
iv) Tig is very ample for any generic smooth S E \T — Si\. 

Proof. For simplicity let us write £ instead of £3. By (*) it follows that h°(Y, £) = 8. 
By tensorizing (*) with Oy(- 7) we get that h°{Y,£ ®O y {-J)) = h°{X,T-Si) = 
3. 

i) and ii). Let A be any linear subsystem of \T — Si\ such that every element of 
A is singular or reducible. To prove i) and ii) we have to show that dim(A) < 0. 
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Recalling the proof of Proposition 13. A\ we know that any element of \T — S\\ is 
singular if and only if it is reducible and that A ^ if and only if there exists an 
effective divisor D = aC + p*B £ Pic(F), with deg(P) = b, a > 0, b > 0, such 
that T - Si- n*D is effective and, in this case, A = \T - Si - n*D\ + \n*D\ with 
h°(X,T- St - ir*D) = 1 and h°(X,ir*D) - 1 = dim(A) or h°(X,ir*D) = 1 and 
h°(X, T-Si- n* D) - 1 = dim(A). 

From the exact sequence: 
-> Co + f - 1 - D -> £ <8> Oy (-/ - D) -> (2C + 4/ - J - D) $ J w -> 
we see that h°(X, T — Si — n*D) = h°(Y, £ <g> Oy(-f - D) can be positive only if 
a < 1. 

Let us assume a = 1. In this case we have to consider the exact sequence: 
-bf -> £ ® (-/ -£>)-► (Co + 3/ - 6/) ® X w - 0. 

As Po U s(T / F) are in general position it is easy to see that h°(Y, (Co + 3/ — bf) (g> 
l w ) = Ofor any b > . If b > T- 5i -tt*Z>) = h°(Y, £® O y {-7-D) = 0; 

if b = h°(X,T - Si -tt*D) = h°{Y,£ ®0 Y {-f - D) = 1 and tt*D) = 

h°(Y, D) — 1, so that dim(A) = and we are done. 

Let us assume a = (hence b > 1). In this case we have to consider the exact 
sequence: 

-> Co - bf -> f g) Oy (-7 - D) -> (2C + 3/ - 6/) g> I w -> 0. 

As Po U s(T4^) arc in general position it is easy to see that h°(Y, (2Co + 3/ — 
bf) (g) l w ) = O^moreover h°(Y,C - bf) = 0, so that h°(X,T - Si - ir*D) = 
h°{Y, £ Oy(-f - D) = and A = 0. 

m) Let 5 be a smooth element of \T — Si\ and let us consider the exact sequence: 
0—>T-S-^T~^ T| S ^> 0. As T-S = ir*J we have that h°(X,ir*J) = h°{Y,J) = 
2 and ft^X, tt*7) = /i^y, 7) = 0, so that h°(X, T - S) = 2, /i^S 1 , T\ s ) = 8 - 2 = 6 
and the map H°(X, T) -> H°(S, T\ s ) is surjective. 

iv) S, being a smooth generic element of \T — 7r*/|, is isomorphic to the blow 
up of Y at deg{c2[5® O y (— /)]} = 8 distinct points (see the proof of Lemma 

16.41 Hi)). Let C' Q ,f',l\, ,ig be the generators of Num(S) as in Lemma 16.41 

Hi) for S 2 - The Wu-Chern relation for £(gi <D Y (-J) implies that (T - ir*J) 2 = 
ir*{a{£® O y (-J)]}(T-tt*7) - c 2 [£® O y (-J)]. Hence (T-tt*J) is = (ir\ s )* {a[£® 
Y (-f)}} - h....-l 8 = (w ls )*(3C +5f-2f)-h....-l s andT| S = (^| S )*(3C + 
5/ - /) - h.... -h = 3C n + 4/' - h.... - l 8 . 

As Y is the blow up of P 2 at one point Po, S is isomorphic to the blow up of 
P 2 at 9 distinct points, so we can also generate Num(S') with the pull back I of the 
numerical class of a line in P 2 and the classes of the 9 exceptional divisors. If lo is 
the class of the pull back of the exceptional divisor of the blow up of P 2 at Po we 
have C = Iq and f' = l — loso that: T\g = 41 — lo — h—. — Is- 

To show that Tig is very ample we can apply Lemma 16.71 h (S, Tig) — 6 by Hi); 
\Tig\ does not have base points, because \T\ does not have base points by Lemma 
16.41 ii) and \T\ — > \Tig\ is surjective; the 9 distinct points lie on a smooth cubic 
because the zero-locus of a generic section of £® Y (—f ) is a set of 8 distinct points 
belonging to a generic element of the linear system |(2Cb+3/)<g>Xw| = |(3Z— lo)®Zw\ 
on Y, (see the proof of Lemma l6.4[ Hi)) corresponding to a smooth plane cubic curve 
passing through Po U s(W), where s : Y — > P 2 is the blow up. □ 

Theorem 6.9. Let £ y be any vector bundle defined as above by (*) with y — 3 and 
h = 4 (hence w — 7), then £3 is very ample. 



NUMERICAL CRITERIA 



21 



Proof. As before, let us write £ instead of £3. Let T be the tautological divisor 
of X = P(£) and let £ be any fixed element of X*- 2 '. We have to prove that |T| 
separates £. By Lemmas 16.51 and 16.41 we know that we have to consider only the 
cases when £ is a couple of distinct points P, Q projecting on different fibres of Y. 

We want to apply Proposition 13.51 so that we will prove that assumptions a) 
and 7) of Proposition 13.51 are satisfied with A = Co + xf , x >> 0, and B = f. It 
is easy to see that 7) is true for x » 0, so we have to prove that a) is true for 
any couple of distinct points P,Q 6 X. In other words, we have to show that there 
exists a section r 6 \T\ such that (r)o passes through P and does not pass through 
Q. Of course we can change the role of P and Q to separate Q from P. 

Let us consider ir(Q) and the fibre Jq of Y passing through tt(Q). Let us choose 
a smooth surface S 2 E |T + 7r*A| passing through P and not through Q (recall that 
T + ir*A is very ample for x » 0) and a smooth Si := 7t _1 (/q)> so a)i) is fullfillcd, 
moreover we can assume that S 2 cuts Si transversely along a smooth rational curve 
C as in the proof of Lemma [6~5l 

As Tjgj is very ample by Lemma 16.41 i). we can choose a section ci E |P|sJ 
such that (tJi)o is smooth, does not pass through Q and cuts C at 4 distinct points 
J?i, -R4 (see the proof of Lemma IB~5|) so that ch)m) is fulfilled. 

To get a)iii) and iv) we look for a section CT2 E H°(S 2 , Tig 2 ) whose zero locus 
passes through P, R±, P4 and does not contain C. By Lemma T6.4I Hi) we know 
that S2 is isomorphic to the the blow up of Y at 5a; + 12 distinct points, hence to 
the blow up of P 2 at 5x + 13 distinct points; if we generate Numf^) with the pull 
back I of the generator of Pic(P 2 ), the pull back lo of Co E Y and the classes of 
the exceptional divisors, we have that T\g 2 = (x + 5)1 — (x + 1)Iq — li ■ ■ ■ — I5X+12, 
\T\ ~ |T ]Sa | and h°(S 2 ,T lS2 ) = h a {X,T) = h a {Y,£) = 8. 

Let us consider the linear subspace H°(S2,T\ S2 ®Ip) of H°(S2, Tjs 2 ) given by 
sections whose zero locus contains P; dim[ff°(S , 2, Tjs 2 ®Ip)\ = 7, (recall that \T\ ~ 
T||5 2 = |P|5 2 1 has no base points by Lemma l6.4l M) ). Let us consider the restriction 
p P of the natural map p : H°(S 2 ,T lS2 ) -» P°(C,T| C ) ~ P^P 1 , O pl (4)) ~ C 5 to 
H°(S 2 ,T IS2 ®Ip). _ 

We claim that p is surjective. Indeed, consider first the structure sequence of S 2 
on X, tensored with T — Si: 

-> T - S 1 ! - 52 T - Si -> (T - S'Ois, 0. It is: h}{X,T - Si) = by 
Proposition Elm) and h 2 (X,T - Si - 5 2 ) = /i 2 (A, -tt*(A + / Q )) = /i 2 (Y", -A - 
/ Q ) - fc°(r, ify + A + fo) = 0, hence h\S 2l (T - S 1 ) [Sa ) - 0. 
Let us then consider the structure sequence of C on S2 tensored with Tjs 2 . As 
h 1 ^, (T - 51)15,) = h 1 (S 2 ,T\ S2 - C) = it follows that p is surjective, so that 
our claim is proved, moreover ker(p) = H°(S 2 ,T\s 2 — C). As 3 = h°(X, T — Si) — 
h°(S 2 , (T - Si)|sJ = h°(S 2 , T| S2 - C), it follows that dim[ker(p)] = 3. 
Now let us consider the following two cases. 

Case 1: let us assume that P is in the base locus of |Tjg 2 — C = \(T — Si)<s 2 \ — 
\T-Si\\ S2 , hence in the base locus of \T - Si\ because \T\ ~ |T|| Sa = |T| S J. If Q is 
not in the base locus of \T— Si\, then there exists an element S E |T— Si\ = \T—-K*f\ 
passing through P and not passing through Q. Let us pick S[ := 7r _1 (/), where / is 
a fibre of Y different from f Q and we get an element SU S[ E \T-n*f\ + |tt*/| £ |T| 
separating P from Q without using Proposition 13.51 If Q is in the base locus of 
\T— Si\, let us pick a generic smooth surface S E \T— Si\, obviously passing through 
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P and Q, and existing by Lemma 16.81 i) and ii). Now, by Lemma 16.81 Hi) and in) 
we can separate P from Q by \T\ directly, without using Proposition 13. 51 

Case 2: let us assume that P is not in the base locus of the linear system 
l^lsa — C| = |(T — S'i)|5 2 | = |T — 5i||5 2 . Then there exists at least an element 
of \T\s 2 — C\ whose zero-locus does not pass through P, hence H°(S 2 ,T\g 2 )p ^ 
H°(S 2 ,T lS2 -C) = ker(p) and dim[ker(p P )] = dim[H°(S 2 , T { g a ) P n H°{S 2 ,T\g 2 - 
C)] = 2, (a priori dim[ker(/3 P )] = {2,3}). Therefore p P is surjective too and we 
can choose a section er 2 £ \Tig 2 \ whose zero locus passes through P, i? 4 , 
not containing C. In this case we can conclude as in the proof of Lemma 16.51 as 
H°(X,T) = H°(S 2 ,T\s 2 ) we get that there exists r £ \T\ such that T| S2 = tr 2 and 
(t)o does not contain Si because ((12)0 does not contain C. Hence a 1 :— t\ Si is 
a non zero section of \T\g ± \ and we have o~ 1 G < u\ > because a 1 and o\ cut the 
same divisor R\ + R 2 + R3 + R4 on C and jTjsJic ~ \T\g ± \ by Lemma [6T4l By 
choosing suitably the generator of < o~i > we can assume that T\g 1 = o\ so that 
a)iii) and a)iv) are fulfilled a fortiori by choosing a := ri^uSa- D 

7. Existence and non existence of some 3-folds 

The study of linearly normal projective manifolds of low degree got a boost as 
a result of classical adjunction theory, as developed by Sommese and his collabora- 
tors. The approach consists of three phases: enumeration of all possible manifolds 
of given degree according to their adjunction theoretic structure and values of nu- 
merical characters; investigation of actual effective existence of elements appearing 
in the compiled lists; study of the Hilbert scheme of existing manifolds (see [B-B-2] 
for details). In [F-L-lj . |F-L-2] . [B-B-l] . such a study is conducted for degree, re- 
spectively, 9, 10, 11. In all three papers the existence of members of a particular 
family of 3-fold scrolls was left as an open problem. They are scrolls of the form 
X := P(£ y ), of degree [ci(£ y )] 2 — c 2 [£ y ) = 13 — y, where £ y is a rank 2 vector bundle 
over y = Fi, having c\{£ y ) = 3Co + 5/ and c 2 {£ y ) = 8 + y, with y = 2,3, 4. 

The analysis conducted in Section 6 gives immediately the following:: 

Corollary 7.1. There exist linearly normal 3-folds P(£ y ), y = 3, 2, where £ y is 
a rank two vector bundle given by (*), embedded as linear scrolls over F 1; with 
Ci(£ y ) = 3Cq + 5/, c 2 {£ y ) = 8 + y and degree, respectively, 10 and 11. 

Proof. Apply Theorem 16.61 and Theorem 16.91 by recalling that vector bundles £ y 
defined by (*) have the prescribed Chern classes. □ 

In fact Theorem. 16.61 proves the existence of other 3-folds of the same type. It 
is natural to ask if rank 2 very ample vector bundles over Y can be defined by 
using (*) for other values of y. The answer is negative for y = 4, h = 4. In this 
case it is possible to prove that there is a smooth surface S £ \T — ir* D\, with 
D = Co + /, such that S is isomorphic to the blow up of P 2 at 9 distinct points 
in general position and Tig ~ 41 — 21q — li„. — ig (with the usual notation). If wc 
consider an existing smooth plane cubic curve passing through Pq , . . . , Pg, we have 
that this curve gives rise to a smooth elliptic curve C on S such that T\ C is not 
very ample (deg(T| S C) = deg(Xj c ) = 2), so that T can not be very ample. In the 
same way it is possible to show that the same approach is not successful for y = 4, 
h = 3 and also for y = 4 and h = 5. 

On the other hand it is easy to prove that there exists a very ample rank 2 
vector bundles £_ 3 over Y having ci(£_3) = 3Cq + 5/ and 02(^-3) = 5 : indeed 
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one can simply take £-3 to be the direct sum of the two very ample line bundles 
L = Co + 2/ and M = 2C + 3/. 

The following necessary condition for the very ampleness of rank 2 vector bundles 
£ , over any F e , having c\(£) = 3Cq + tf for some integer t, can be established. 

Proposition 7.2. Let £ be a very ample rank 2 vector bundle over F e , such that 
c x {£) = 3C + tf and c 2 {£) = k. Then: h°(F e ,£) > 7, t > 3e + 1, k + e > t and 
there exists an exact sequence — > L — * £ — > M — * where L and M are line 
bundles such that L = 2C + (2t - 2e - k)f, and M = C + (k-t+ 2e)f. 

Proof. As £ is very ample, (P(£)j ^v(S)O-)) is a scroll over F e and it is known that 
there are no such scrolls in P r when r < 5, see [D] . Moreover, if £ is very ample then 
c x {£) is ample, so that t > 3e + 1, see [HI Corollary 2.18]. Let p : F e -> P 1 be the 
usual natural projection. The restriction £\, to any fibre / of p must also be very 
ample. But £\j = (Dpi (a) © Ofi (b) with a + 6 = 3 as c\{£)f — 3, therefore the only 
possibility is a = 2, b = 1 for any fibre. By [Bj p. 155], Theorem 1, there exists an 
exact sequence Q —> L — * £ — >■ M — >0 such that L + M = ci(£), LAI — C2(£) = k 
and L = p*[p^(£ ® Of c (— 2Co)] ® Of c (2Co). In fact the zero-dimensional scheme 
Z which is involved in the exact sequence of [B] in this case is empty. Indeed 
p(Supp(Z)) would coincide with the projection of the jumping lines for £, but in 
this case £ is uniform on the ruling. It follows that L = 2Cq + Xf for some integer 
A, and M = C + (t ~ X)f. As LM = c 2 {£) = k, it is A = 2t - 2e - k. The very 
ampleness of £ implies that M is ample, hence t — (2t — 2e — k) > e, i.e. k + e > t. □ 

Proposition 17.21 shows that, if a vector bundle over Y as £4 is very ample, then 
it is the extension of two line bundles. However this fact does not help to prove the 
very ampleness of a rank 2 vector bundle by our techniques. 

We can also establish a non-existence result that settles one more existence 
question left open in [B-B-l] . 

Corollary 7.3. There does not exist any linearly normal 3-fold X = P(£ ), embed- 
ded in P 7 as linear scroll over Y = Fi, with degree 11 and sectional genus 5. 

Proof. By contradiction, let us assume that X exists in P 7 , hence h°(X,T) = 8 
because X is supposed to be linearly normal. As in the proof of Lemma 16.41 Hi). 
let us consider a divisor A = Co + xf on Y with x >> and a smooth surface 
S2 such that S2 is isomorphic to the blow up of P 2 at 5x + 12 distinct points and 
H°(X,T) — i?°(S , 2, T|5 2 ). Recall that we are assuming that £ is very ample so 
that £ (g) A is very ample too; note that here the position of the points on P 2 it 
is not important. As Tjg 2 = (x + 5)/ — (x + l)Zo — h ■ ■ ■ — ^52+11 we have that 
h°(S 2 ,T\s 2 ) > 9 : contradiction ! □ 
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